J. Fluid Mech. (1972), vol. 54, part 1, pp. 63-80 63
Printed in Great Britain

Wave propagation across the continental shelf
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Wave propagation across the continental shelf is studied by analogy with trans-
mission-line theory. Fourier transformation along the contours of constant depth,
which are assumed parallel to a straight coastline, yields a Sturm-Liouville
equation for a prescribed depth profile 4(x). The modal spectrum of the profile,
which comprises a finite, discrete spectrum of trapped modes and a continuous
spectrum of radiated modes, is established. The Green’s function for a point
source on the coastline is constructed by Fourier superposition overthis spectrum.
Detailed results are calculated for a two-step model (level shelf separated from
level abyss by vertical cliff) and for a gradually sloping shelf that merges smoothly
into a level abyss. The radiation impedance of a harbour is calculated, and the
effects of the continental shelf on the resonant response of the harbour to a
tsunami are discussed.

1. Introduction

The following treatment of long waves on a continental shelf is directed pri-
marily towards the calculation of the Green’s function for a point source on the
coastal boundary with specific application to the resonant response of a harbour
to tsunami excitation. It is possible, however, that the preliminary results de-
veloped in §§3 and 4 may be of somewhat wider interest.

By long waves, we imply disturbances that are sufficiently long to justify
shallow-water theory, but not so long as to render Coriolis effects significant.
Starting from the hypotheses implicit in this definition and neglecting viscosity,
we develop in §2 the equations governing wave propagation in a half-space z > 0
with depth contours & = h(x) parallel to the boundary = 0. In §3, after Fourier
transformation with respect to y (the co-ordinate measured along contours of
constant depth), we consider one-dimensional propagation over the profile
h = h(x) and develop an analogy with propagation along a transmission line with
spatially varying properties. The (complex amplitudes of the) free-surface dis-
placement and a normalized measure of the mass transport at a given point, say
%,,, form a two-element column matrix, say ¢, such that ¢, = T¢,,, where T7
is a 2 x 2 transfer matrix for the interval (z,, «,). The requirement that ¢(x)
be continuous across discontinuities in A(z) implies that the transfer matrices for
a set of sub-intervals may be cascaded over any interval in which h(z) is piecewise
continuous.

In §4, we consider the free modes of a given profile with the boundary conditions
of no mass transport across z = 0 and either a radiation or a finiteness condition
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at & = c0. The total spectrum of these free modes comprises a discrete spectrum
of trapped modes and a continuous spectrum of radiated (or standing-wave)
modes. The discrete spectrum is finite for a shelf of finite length and contains at
least one mode except in the limiting case of constant depth.

In §5, we construct the Green’s function, say @, for a point source on the
boundary z = 0 by Fourier superposition over the complete spectrum of modes
for a given profile. We then establish a local approximation to ¢ that differs from
the corresponding Green’s function of potential theory by a complex constant,
the value of which determines the radiation impedance of a finite source dis-
tribution over a coastal interval (such as a harbour mouth) that is small com-
pared with the wavelength.

In §6, we consider a two-step model, which comprises a shelf of constant depth
that drops discontinuously into an abyss of constant depth. In §7, we develop
the WKB approximation for a shelf of gradually varying depth that merges
smoothly into an abyss of constant depth at a finite distance from the coast and
apply the results to a parabolic shelf (the solution for a parabolic shelf may be
expressed in terms of Bessel functions without invoking the WK B approximation,
but the results are rather cumbersome).

In §8, we apply the development of §§5-8 to the calculation of the radiation
impedance for a harbour mouth and consider the effects of variable depth, vis-a-
vis those for an ocean of constant depth (Miles 1971), on Helmholtz resonance
under tsunami excitation. The principal differences are an increase of each of the
resonant frequency, the inverse damping factor ¢, and power-spectrum amplifi-
cation factor Z. The reader who is interested primarily in the qualitative effects
of a continental shelf on harbour resonance could turn directly to §8.

2. Formulation

Let z and y be Cartesian co-ordinates in the free surface, with ¥ measured
seaward from the coastline (z = 0), ¢ the time, o the angular frequency, k(x)
the local depth, £ the free-surface displacement, @i the horizontal particle velocity,
and ¢ and u the corresponding complex amplitudes, such that

{l,y,1), 02,9, 1)} = ZL{L(=,y), u(z,y)} ], (2.1)

where Z implies the real part of. The linearized, shallow-water equations for ¢
and u are (Lamb 1932, §193)

tou = —gV§ (2.2a)
and b2 (RE,) + &,y + K2 = 0, : (2.2b)
where k = k(z) = ogh(z)}t (2.3)

is the local wavenumber.
Separating variables according to

E(x,y) = Plw) e, (2.4)
we obtain (hep") +o%hgp = 0, (2.5)
where a? = a’(z, f) = k*(x)— 2, (2.6)
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and the prime implies differentiation with respect to 2. We also define

Y (@) = h(x) ¢’ (x) (2.7)
as a measure of the mass transport normal to the coastline and
(@) = —Y(@)[$(@) = — k@) $'(2)/p(®) (2.8)
as the corresponding ¢mpedance function; y satisfies the Riccati equation
hy' = x*+ &%, (2.9)
where k = k(x) = a(z, B) k(zx) = {(o2)g)— f2h(x)}}. (2.10)

We assume that h(z) is piecewise continuous, by virtue of which each of ¢, ¥, and
X is a continuous function of z.

As posed, (2.4) represents a disturbance travelling in the positive-y direction
(south on the Pacific coast for right-handed co-ordinates) if £ is positive and real;
changing the sign of 8 yields a wave travelling in the negative-y direction. A
general solution can be constructed by Fourier-integral superposition, in which
case B may be regarded as complex (see §5).

3. Impedance transformation
Describing the wave state at = z,, by the two-element column matrix

{$@n), ¥ (@)} = {G> ¥b> (3.1)

we may express the solutionin (0, ) as alinear combination of ¢%(x) and ¢%(z), the
cosine-line and sine-like solutions of (2.5) that satisfy the initial conditions

=1, Y¥=0, ¢¥=0, yY¥=1 (3.2a,b,c,d)
We may then connect the wave statesat x = 0 and z = I by the linear transforma-
tion
{Bv ¥ = TH{do, Yo, (3.3a)
(I 08
where T = ['%c ¢§,8] (3.30)

is the transfer matriz for (0,1), and the subscript [ implies = [. Invoking the
Wronskian relation between ¢%(x) and ¢%(x), we obtain

T3] = gieyde - giote = 1. (3.4

Invoking the requirement that T} be the inverse of T}, together with (3.4), we
obtain the reciprocity relations

Yo =o', 6 =—¢" YT=-y (3.5a,b,¢)

Calculating /¢, from (3.3) and invoking (2.8) and (3.5), we obtain the im-
pedance transformations

X = (=Y + XV — X $1°) (3.6a)

= (YF + X0 B (Y8 + X0 B5)- (3.6b)
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It follows from (2.5) and (3.2) that each of the elements of T} is real for real values
of 2 and is an entire function of # (by virtue of the fact that «? is an entire func-
tion of f); accordingly, the only singularities of y,(5) are either the branch points,
if any, of y,(8) or poles.

It may be expedient, in considering a given depth profile, to consider sub-
intervals within which A(x) may be approximated by a form that permits either
an analytical or a numerical solution of (2.5). Invoking the requirement that ¢ and
i be continuous across finite discontinuities of 2, we may then cascade the trans-
fer matrices according to

TS = T2-1T2-% ... T¢ (3.7)

over any interval (x4, %,,) in which A(z) is piecewise continuous (cf. Munk, Snod-
grass & Gilbert 1964). Similarly, the transformations (3.64a,b) may be cascaded
to obtain a bilinear transformation between y, and y,,, although it may be simpler
to proceed through (3.7).

4. Free modes
Free modes are those solutions of (2.5) that satisfy

¥(0)=0 and |¢(x)] <o (x4 00). (4.1a,b)

We consider these solutions on the assumption that Ay < h(z) < &, in (0,1),
the shelf, and (%) = h, in 2 > I, the abyss. The boundary condition (4.1a)
implies that ¢(x) must be proportional to ¢°(xz) in (0, 1), where ¢%(z) is determined
by (2.5)and (3.2 a,b). The finiteness condition (4.15), together with the assumption
of constant depth, implies that ¢(x) must be either exponentially decaying or
trigonometric in (I, 00).

The exponentially decaying solutions are known as trapped modes and have a
finite, discrete spectrum, say

B>p3>pi>.. 02>k, (4.2)

where, by assumption, k., < k(x) < ky in (0,I). Designating these modes by
¢(x, f,,) and choosing the normalization ¢(0, 8,,) = 1, we obtain

_ [9%() (0O<z <, (4.3a)
(@ h) = {¢?°e‘”(°"” @ > 1), (4.3b)
where p=(f2—k2)} = ia,, (4.4)

and the £, are determined by the impedance-matching condition

Xi° = Y¥IBl = phe = X (B = £py). (4.5)

We designate x}° as the modal impedance of the shelf.

By invoking standard arguments from Sturmian theory (Ince 1944, §10.32),
we find that (4.5) has at least one root in (%, k,) and that a necessary condition
for the existence of more than one root (» > 1) is

(k3—Hk2)t = ay > 7/l; (4.6)
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conversely, a, < n/limpliesn = 1. The ratio y}°/x., is small (of the order of k/h.,,
where h, is the mean shelf depth) except in the neighbourhood of 8 = +f,,.
It follows that f,, the dominant eigenvalue, is close to k4, whilst the remaining
eigenvalues are close to the poles, if any, of {°(8); the latter modes resemble
those of an open organ pipe. These facts are illustrated in figure 2 for the two-
step model of §6. The mass transport for the mth mode, ¥(x, £,), has m—1
nodesin (0,17).

The remaining free modes have a continuous spectrum in 0 < A2 < k2 and are
given by

b(z) = {¢°°(a;) 0 <z, (4.7a)
P¥sececos{o,(x—1)+e} (z>1), (4.70)

where the phase parameter ¢ is determined by the impedance-matching condition
xle = Kk, tane. (4.8)

We may regard the right-hand side of (4.7b) as the superposition of an incident
wave and its reflexion at the virtual boundary = I — (¢/x,,). The corresponding
reflexion coefficient is

R = exp (— 2i¢), (4.9)

whilst the amplification factor of the shelf (referred to the peak value of the
disturbance in x > I) is

A(ﬂ - COS€/¢I = Koo{(Kuo¢?c 2+(¢?c)2}—§ (410)

[It may be expedient to solve (4.5) and (4.8) by regarding them as initial con-
ditions for the numerical integration of the Riccati equation (2.9) and then
determining the zeros of (0, #). This procedure may be expedited by the Pruffer
transformation y = tan+y.]

5. Green’s function for the half-space
We define the Green’s function G(x, y) for the half-space > 0 as that dimen-
sionless, line-source solution of (2.2) which satisfies
G, =68y) (x=0) (8.1)
together with finiteness and radiation conditions as z and/or |y| 4 co. Multiplying
@ by Io/gh, yields a source with a peak volume flux of I into > 0. The known
result for constant depth is
G = 1HP(kR), R = (2®+y?} (k= constant). (5.2a,b)
Posing the Fourier-transform pair
Gz, f) = N Gz, y)etfvdy, 2nQ(z,y) = N G(x,B)e"#vdf (5.3a,b)

and transforming (2.2) and (5.1), we find that (x, #) must satisfy (2.5) and
19,=1 (z=0). (5.4)
The radiation and finiteness conditions imply that ¢ must be proportional to
exp (— ux)in 2z > I, where p is given by (4.4) and is either positive-real for 2 > k2
5-2
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or positive-imaginary (thereby satisfying the radiation condition as x4 o) for
0 < B2 < k2. Matching this solution to a linear combination of ¢%(x) and ¢%(z)
in (0,1), we obtain

: P%(w) ~ (1/x0) ¢*(@) (0 <2 <)), (5.5a)

TN = piyein 50, (550)

where Xo = (U + X BV (P + X B1) (5.6a)
is the inverse of (3.65) and

Ko = Pl = 1Kop- (5.6b)

Invoking the fact (see §3) that ¢°%(x, #) and ¢%(x, B) are entire functions of 3,
we find that the only finite singularities of %(z, #) in the complex-/# plane are the
branch points of y,, at # = + k., and the poles of 1/y, at § = + £,,, corresponding
to the trapped modes defined by (4.3) and (4.5). Invoking the asymptotic re-
presentations

@0 ~ (ho/h)tcosh Bz, ¢% ~ BYhoh)tsinhfz (8-> o0), (5.7a,b)
we find that #(«, #) is exponentially bounded as 8 —» w if # > 0 and is O(1/8) as
f—o>owife=0.

We proceed on the assumption that k., has a small, negative imaginary part,
say —tk;, and choose the branch cuts for # along Zu = 0, such that Zg > 0 in
the cut plane (the branch cuts, as sketched in figure 1, are those sections of the
equilateral hyperbola through g = + k,, that le in |28| < |%k,|). The poles of
%(x, B) then lie just below/above the real axis in |%k,| < +%B < |#k,|. By
deforming the path of integration for (5.3b) from the real axis into £8 <0 for
¥ Z 0 and invoking Cauchy’s residue theorem and the aforementioned bounding
of &(x, 8) as B - oo on the assumption that # and/or |y| > 0, we obtain

G@9) = 3 pula fu)enil+ Golo, ), (5.8)

where
Pm = Res{hO/XO}ﬂ=ﬂm = [{¢?caﬂ( ?C+Xw¢?c)}ﬂ=ﬂm]—l hy (m>1), (5.9)
2nG (2, y) = fc {iho[xo(B)} (@, B) e~V A, (5.10)

C traverses the branch cut from § = &, in a clockwise direction, and ¢(z, 8) is the
analytical continuation of the right-hand side of (4.3) along C.

We restrict the further reduction of G to the neighbourhood ky|r| < 1, which
suffices for most applications (see §8 below) and permits both ¢(z, £) = ¢%(x)
and exp (—if|y|) to be approximated by unity except for large f. Invoking
these approximations in (5.8) and (5.10), remarking that y,(#) on the left-hand
(or top) side of C' is the complex conjugate of y,(f) on the right-hand (or bottom)
side, letting k, | 0,introducing the change of variable f = — 4v and the approxima-
tion [which follows from (5.7«) for (8| > k, and kgx < 1] ¢(z, B) = cos (vx) along
(—1ic0,0),and substituting the resulting approximation to G, into (5.8), we obtain

&(z,y) = (p+iX(, 9} {1 +Olkoy)}, (5.11)
n ko
where p= mgopm, Py = fo F(pydp (FB510), (5.12a,0)
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A

Ficure 1. Location of poles ( x ) and branch cuts in complex-£ plane (for two-step model of
§6) on the assumption that % has a small, negative imaginary part —¢k;. The cut from the
branch point at + &, tendsto the real-axis segment (0, k) plus the negative imaginary axis
(—100, 0) as k; | 0; similarly, the cut from —%_ tends to ( — %, 0) plus (0, écc). C, the path of
integration for Gz, y), as given by (5.10), must be indented over/under the branch point (@)
and poles ( x ) on the positive/negative real axis in the limit %, 0 and may be deformed into
a contour around the lowerfupper cut for ¥ 2 0 after allowing for the contributions of the
poles. The sketch shows C for y > 0.

P 18 given by (5.9) form > 1,
TA(%,Y) =f F(—iv)e "W cos (vx) dv, (5.13)
0

and F(B) = Z(iho[xo) = (ah)a[{(ah)e $7°F + {Y7°}21 7 ho. (5.14)
The parameter p is a measure of the rate at which energy is radiated into z > 0
(see § 8 below). The distributions of the radiated energy among the trapped modes
(which areradiated along the coast) and the continuous spectrum of the abyss are
proportional to p,, (m = 1,2, ...,n) and p,, respectively. The function A is a mea-
sure of the non-radiated energy in the neighbourhood of the source (this non-
radiated energy would be infinite for a concentrated source with a finite volume
flux, but is finite for any integrable velocity distribution over a finite interval).
It follows from potential theory that ¢@, and hence —A, is singular like
(1/m)log R as R, 0. Referring to the limiting form of (5.2) as kR | 0, we surmise

that A, y) = —In (3yk,R)+ €+ Ok, R) (ko R4 0), (5.15)

where In y is Euler’s constant and % is a constant — or, more precisely, a functional
of b'[kh— that vanishesfor b = constant. We give derivations for specific examples
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in the following sections and find that € is typically small if 2 does not vary rapidly
over the coastal terminus of the shelf. Moreover, if 2(x) does vary rapidly over
a terminal section that is small compared with 1/k,, we may replace that section
by a discontinuity in 2 and invoke the continuity of y across such a discontinuity
(see last sentence in penultimate paragraph of §2) to obtain

G(@,y) = (kg [hg) (p+ 1), (5.16)

where hg are the depths at = 0, and p and A are based on AJ.

6. Two-step model

The simplest model of a continental shelf is a plateau of constant depth 2,
in 0 < x < I, terminating in vertical cliffs at x = 0 and x = I, such that

hy, 0<z<l, (6.1a)
h(x) = {
he (x>1). (6.10)
We characterize this model by the dimensionless parameters
f= (hs/hoo) = (koo/ks)z (6.2a)
and oyl = (RE—K2)21 = k(1 — A)E, (6.2b)

where a,, is defined as in (4.6).
The basic solutions on the shelf are

¢%(x) = cosar and @%(x) = (ah,)tsinaxr (0 <z <), (6.3a,b)
where o = (k2—p2)h. (6.4)
Invoking (5.6), we obtain

xP(B) = ah tan ol (6.5a)
and XolB) = ah(u— Ao tan al)/(Ao + p tan al). (6.5b)
Expressing £ and p as functions of a,
B=(k2—a®t and u = (ak-—a?)i, (6.6a,b)
we rewrite the trapped-mode equation (4.5) in the form (see figure 2)
(o —o2)t = Ao, tane,l (0 <y < ay < ..., < o), (6.7a)
where n = 1+[a,l/m] (6.7b)

([oeg Ifm] = integral part of «, l/7). Similarly, we rewrite (4.8) and (4.10) in the
formg

tane = Aafa?—ok)ttanal (ay < a < k) (6.8)
and A(f) = (02— k)i {(a®—al) cos? al + A2x2sin 2al}~} (6.9a)
4 A(0) = (costk,I+ Asin®k [ (520). (6.95)

We note that A(f) = 1 for § = k,(1+ A)~%. A(B) and ¢ are plotted in figures 3
and 4 for £ = } (this value being appropriate for a two-step approximation to
the shelf off California, e.g. h; = 600 m and %, = 3600 m). Increasing k,! by an
integral multiple of 7 alters these results only slightly.
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Ficure 3. Amplification factor for the two-stef model (i = }), as given by (6.9). ———,
WEKB approximation (7.35), with h;i‘ = $(hg +h;§), such that %, is the arithmetic mean

of kg and k,, (£ = } corresponds to hylhe = 0-066).



72 J. W. Miles

o
Ll nd
vk
oo
B
—

Bl

F1cURE 4. Phase parameter for the two-step model (£ = }), as given by (6.8)
The shaded region is excluded by the discontinuity in € at k! = 7.

Substituting (6.5b) into (5.9) and (5.12)-(5.14), we obtain

P = UBnl){1 + (ot [p)? (al)tsinal cosal}y_p 172 (m 2 1), (6.10)
ﬂ_ ko kzl ﬁg %dﬂ
f (k2 — B2) cos? ol + A2a?sin®al’ (6.11)
— i (k2 +'Uz)§ e~*Wl cos (vx) dw
N = 7_7.[0 (K2, +v2) cos? {I(KZ + v?)} + A2(K2 + %) sin® {I(kE + v2)3} (6.12)

The 4,, and p,, may be approximated in various ways; however, their numerical
evaluation is straightforward. Numerical values of p,, and ¥ p,, for 4 =} are

m
plotted in figures 5(a) and (b). The plots for other # < 1 are similar. The total
p for £ = 0-1, 0-2 and 0-4 is plotted in figure 6. The limiting value of p as either
At 1lorkl|0is }.
The approximations

b (m—=3)7fl, p, H I (RE—a)E (A0) (6.13)

are adequate for m < 7, but not typically for m = n. They also are asymptotic-
ally valid for k, ! — oo and yield

ke
~ 1J. (B —a?)tda = 1sin"l (1—A} (cel—>00). (6.14)
mJo m

2 P
m=1
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F1cUre 5. (a) The trapped-mode contributions to the dimensionless radiation resistance for

the two-step model (# = }). (b) The relative contributions of the trapped modes (1 < m < n)
and the radiated modes (m = 0) to the radiation resistance for the two-step model (£ = }).

The corresponding approximation to p,, as obtained by averaging the rapidly
oscillating integrand in (6.11) over i intervals of o/, is

ke
Po ~ —1--[ (k2—p2)2dg = 1sin“1 A (a,l— ). (6.15)
mTJo r

Adding (6.14) and (6.15), we obtain the asymptotic limit p ~ }. This limit, which
is analogous to that of geometrical optics for the scattering cross-section of an
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Fiaure 6. The dimensionless radiation resistance for the two-step model.
The limiting result for an ocean of constant depth is p = §.

obstacle, is approached in an oscillatory manner (see figure 6), with the amplitude
of the oscillations increasing with decreasing #; however, it provides a rough
approximation ( + 20 %,) for ! > mand £ > 0-2

It remains to evaluate A. Introducing the change of variable ¢ = v|y| in
(6.12) and averaging the rapidly oscillating integrand over iz intervals of
(/ly]) (k2y?+ %)% in the limit |y|/l > 0, we obtain

A ~ f: (kiy?+ %) ~tetcos (tzfy)dt  (Jy|/l - 0) (6.16a)
= .@fw e~ dy (2 = kd|y| +ix}) (6.160)
0
= —InA{E(2) + Y,(2)} (6.16¢)
= —In(3yk,»)+Ok,r) (k,7)0), (6.164)

where (6.16¢) follows from (6.165) through the integral representation of the
Anger-Weber function E, (Watson 1945, §10-1 and §10-13), Y, is a Bessel function,
and Iny is Euler’s constant. The approximation (6.16d) is equivalent to (5.15)
with by, = h,and € = 0.
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7. Gradually sloping shelf

We now consider a gradually sloping shelf, 0 < 2 < [, over which h(x) increases
monotonically from &, to k,, such that a*(z, #) > 0 if #2 < k% and that a2z, )
has one and only one zero, say z,, if k2 < 2 < k}. We assume

1dlnkh dIn(1]k)
s=s@) =5 gy = dx/ <ol

(7.1)

at all points bounded away from x = #,. Typical values of s for the Pacific coast are
smaller than 0-1km! (e.g. s = 0-05km1 for a smoothed fit to the shelf in the
first 70km off Crescent City, over which h increases from 100m to 3000 m);
accordingly, s < |a| is likely to be satisfied over most of a typical continental
shelf at tsunami wavelengths, although it may be violated at either the coastal
or the abyssal terminus or both.

The asymptotic (Liouville) approximations

PO(x) ~ (ko/K)% cOS (fxocdx), P%(x) ~ (kox)~Esin (fzadx) (7.2a,b)
0 0 ~
hold for —co < #2 < k2, and, on substitution into (4.8) and (4.10), yield
1 ho\% /L2 _ﬁz 1
€=} ader and 4= (-4”) (—°°—) . 7.83a,b
J; h) \B—f (7:8.0)

The result (7.3b) is plotted in figure 3 for Afh, = 0-066, which corresponds to
fi =  for the two-step model, equation (6.9), if &, is defined such that k; is the
arithmetic mean of k, and k..

The WKB approximation (Jeffreys & Jeffreys 1950, §17.131)

k~}gin (J‘:cadx + }ﬂ) (x < x,) (7.4a)

P(x) ~ i
$|x|texp (—f [oc[dx) (x > x,) (7.4b)

satisfies the finiteness condition (4.1b) and is valid for 82 > k% . By requiring it
to satisfy (4.1a), we obtain the trapped-mode eigenvalue equation

0.8) = f:°adx= f:"(kz—m)%(ks)-ldh(m—%)n B=1+p,), (15a)

where m=1,2,....,n, n=[2+a10,(k,)]. (7.5b)
The input impedance implied by (7.2) and (7.5) is

Ky (B2 < k%), (7.6a)

XolB) ~ (Koot (O +3m) (K3, < B < K}), (7.60)

{|Ko] 82> k). (7.60)

[The apparent branch points at § = + k,, rather than +k,, are artifacts of the
asymoptotic approximation and do not affect the deformation of the Green’s-
function contour depicted in figure 1, which is antecedent to the asymptotic
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approximation.] Substituting (7.6a) into (5.12)—(5.14) and (7.6d) into (5.9), we
obtain (cf. equation (6.15))

7Py = sin~! (k[k,) = sin~1 (hyfh,)3, (7.7)
and (5.15) with € = 0. The asymptotic spacing of the f,, is, from (7.5), 7/0,(8,);
combining this result with (7.8), we obtain (cf. equation (6.14))

n

ko
m % pn~ [ onl B3 = hr—sinNhafl) (ol >co), (19

m=

which, in conjunction with (7.7), implies the asymptotic limit p ~ }, as in §6.
We obtain a first approximation to € by improving the approximation to

F(B). Rewriting (2.9) in the form

1y = GR) {1+ (x> 0) (7.10)
and proceeding by iteration from the first approximation
x(@ f) ~ ik (B < k), (7.11)
we obtain
F(B) ~ ag'[1 = (sfec)? {} — B(kfr)? + F(k[cx)*
+(8'Jo®) {3 — 1(k[x)?} + Os[at) 1m0 (B2 < K), (7.12)
where s(z) is given by (7.1), and
8 =ds|dx = ds?*/dInh. (7.13)

Substituting (7.12) into (5.13), we find that the leading term may be evaluated
as in (6.13), with A, replaced by k,, whilst the remaining terms may be evaluated
from

fw e dy D12 iO0ky) 1. (1.14)

o B+®)3 " 135...2n—1) k"
The end resultis (5.15) with
E = [g5(s/k)* + 5(s'[K?) + O{(s/k)*} 15 o, - (7.15)

The asymptotic approximation (7.12) is not uniformly valid in the neighbour-
hood of # =k, and therefore is not generally suitable for the calculation of
po- However, by < h,, in actual applications, and we may obtain an approxi-
mation to p, that is consistent with (5.15), but with an additional error factor of
1+ O(ho/to,), simply by approximating a by k, in (7.12), the substitution of
which into (5.125) then yields

po = (kefm) F(0) {1+ O(hofh)} (7.160)
~ (oot {1+ 3(5/R0)2 + 15 [K2) ) o, - (7.16b)
Parabolic shelf

We apply the preceding results to a parabolic profile of latus rectum b with vertex
at ¥ = —d and h = 0 (such that bk, = d?):

h(z) = (x+d)}b (0 <z <]). (7.17)
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Ficure 7. The dimensionless radiation resistance for the gradually sloping, parabolic
shelf, as calculated from the WKB approximation in §7.

Invoking (2.3) and (7.1), we obtain
kj£=s=(x+d), £=o(b/g)t (7.18a,b)

Substituting (7.17) and (7.18) into (7.5) and (7.8), we obtain the asymptotic
solution (as £ 4 co) for the trapped-mode parameters in the parametric form

B = kysechu,, (7.19a)

Opo(frm) = £(v,, —tanhv,) = (m—3%)m7, (7.19b)

Pp = £71 cosech v, cothv,, (7.19¢)

and n = [} + (£/m) (v, —tanhvy)], (7.19d)

where Uy = cosh™ (ko/k,) = cosh—1{1+ (I/d)} (7.200a)

and holho = sech?v,,. (7.20b)
Substituting (7.18) into (7.15), we obtain

€ = —2 42+ 0(£). (7.21)

The radiation resistance obtained by substituting (7.7) and (7.19¢) into (5.12q)
is plotted in figure 7 for Ayfh,, = } and {5. The discontinuities in p, which represent
the entry of additional trapped modes, are a consequence of the non-uniform
validity of the WKB approximation in the neighbourhood of g = k; cf. figure 6,
where p changes sharply but continuously. {The parabolic profile permits an
exact solution of (2.5) in terms of modified Bessel functions of order (% — £2)%.
Limited calculations with this solution yielded numerical results for p that are
qualitatively similar to those of figure 6.] v

An extension of the results of this section to a gradually sloping shelf that ter-
minates at a vertical drop from #; to k,, at * = [ reveals that the primary effect of
such a discontinuity is to increase, and render oscillatory with %, the contribution
of the continuous spectrum to the radiation resistance (cf. p, in figure 5(b)),
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although it also has lesser effects on the trapped modes. The net effect on p is,
in any event, small for sufficiently large values of k,l, say kol = 27, if hofhe <€ 1.
The effect on A also is small, both because A is dominated by the logarithmic term
in (5.15) and because it is derived from integration over the entire imaginary axis
of the £ plane, over most of which the effects of slope are small, and it appears that
(7.15) provides an adequate estimate of € for an appropriately smoothed profile.
The effects of a locally steep slope at the coastal terminus of the shelf, over an
z interval that is small compared with 1/k, may be incorporated simply by choos-
ing &, as the depth at the seaward end of this interval (see last paragraph in §5).

8. Resonant response of harbours

Following an earlier analysis (Miles 1971, hereinafter designated by I) for a
constant-depth model, we consider the effect of a continental shelf on the resonant
response of a harbour to an incoming tsunami. This response is essentially re-
stricted to the Helmholtz mode if, as is almost always true, the dimensions of
both the harbour and its entry channel are small compared with the local wave-
length (1/k based on the harbour depth) of the tsunami. Our notation and con-
ventions follow I except as follows: the signs of # and « are reversed; j and w
in I appear here as 7 and o; & denotes the Green’s function for the harbour in I,
wherein the Green’s function for the half-space is given by the right-hand side
of (5.2) above.

Let {,+ &, be the total disturbance in # > 0, where {, is the disturbance that
would exist if there were no flow across # = 0 (8{/éx = 0 at z = 0), and {, is the
scattered wave that is induced by the flow through the harbour mouth, M, in
z = 0. It follows from (2.2a) and the definition of the Green’s function in §5 that

Q@Aﬁ=(ﬂmeG@w—nwamdm (8.1)

where u is the 2 component of u. The total flow into M is

f uhdy =1, (8.2)
M
where I is the current flowing into the equivalent circuit of I in response to the
input voltage (see I, §3 for details)

V= (S (8.3)

The corresponding radiation impedance, which must be placed in series with the
harbour impedance (including that of its entry channel, if any) to obtain the
complete equivalent circuit, is

Zy = Ry +iXy = I f ¢u*hdy, (8.4)
M

where «* is the complex conjugate of ». Substituting (8.1) into (8.4) and intro-
ducing the normalized velocity distribution f(y), such that

(mm=ﬁw,ﬁﬂm@=n (8.50,b)
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we obtain (cf. I, equation (3.4))

Zoy = (olgh5) f ; f G0.y-nof* ) dndy, (8.6)

where hj is the inner coastal depth (z = 0_) and may differ from A, the outer
coastal depth, in consequence of the approximation of the terminal section of
the continental shelf by a discontinuity in depth.

The complete formulation of the scattering problem requires the construction
of an integral equation for f(y) through the matching of the exterior solution
provided by (8.1) to an appropriate solution in the harbour (x < 0). It suffices
for our purposes, however, to construct (as in I) a variational approximation to
Zy; by invoking the potential-flow approximation}

) = m{Ger -yt (yl < ia), (8.7)
where a, the width of M, is, by hypothesis, small compared with 1/k,, and the
normalization corresponds to (8.5b). Substituting (5.16) and (8.7) into (8.6), we
obtain

Zy = (ofghi) [p+ (5]m){—In (3vki @) + 1], (8.8)
where kf is the wavenumber based on Af. The corresponding result for a
constant-depth ocean, as given by equations (3.7) and (3.9) of I, is
Zy = (ofgh) [ — (i[m) In (3yka)], (8.9)
where £ is based on h.

The appearance of kg in (8.8) vis-d-vis h in (8.9) follows directly from conserva-
tion of mass flux and free-surface displacement across M and doesnot depend on
the variation of k() over the shelf; in particular, setting p = 3 and % = 0in (8.8)
extends the model of I to an ocean of constant depth A7 that may differ from the
depth of the harbour. The appearances of p in place of 4 and of In & — % in place
of In k reflects the change in depth, from Af to k., over the shelf. The principal
effects of these differences are to raise the resonant frequency, the inverse damp-
ing factor @, and the power-spectrum amplification factor & (ratio of the mean-
square elevation in the harbour to the mean-square elevation that would exist
at the coastline if the tsunami were specularly reflected). The increase in the
resonant frequency is not likely to exceed 50 %, for a harbour without an entry
channel and is likely to be small for a harbour with a significant entry channel.
The predicted increases in @ and & may be large; however, dissipation, which
reduces both @ and £, would then be relatively more important. The variation
of p with &k might be significant (within the accuracy justified by the basic model)
if the shelf were so short that the first trapped mode were below resonance for the
tsunami (so that p is on the steeply rising portion of the first peak in the radiation-
resistance curve, see figures 5(b) and 7); otherwise the rough approximation
p = % is likely to be adequate.
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1 The results in I imply that Ras isindependent of, and X a7 is quite insensitive to, the form
of f(y) for kya <€ 1.
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